In this paper, a dynamic multi-objective linear integer programming model is proposed to optimally distribute a firm's advertising budget among multiple products and media in a segmented market. To make the media plan responsive to the changes in the market, the distribution is carried out dynamically by dividing the planning horizon into smaller periods. The model incorporates the effect of the previous period advertising reach on the current period (taken through retention factor), and it also considers crossproduct effect of simultaneously advertising different products. An application of the model is presented for an insurance firm that markets five different products, using goal programming approach.
INTRODUCTION
Advertising is an integral part of a firm's marketing strategy. The impact of communication through advertising plays a vital role in the success or failure of products/services. The media acts as an intermediary that communicates the advertising messages to the potential customers. Television, radio, internet, newspapers, magazines, trade journals etc. are the popular media used for advertising. Choice of the media for advertising a particular product or a product line depends upon the type of products, media preferences of the potential customers, advertising resources available, availability of media alternatives, media popularity, past experience, expert and higher management opinion and the use of qualitative or quantitative evaluation methods, etc. For developing an advertising plan, a media planner selects a set of media, based on the above characteristics, and tries to allocate advertising resources among selected media in such a way that advertising objectives are met [1, 2] . Advertising resource allocation is carried out for a planning period and, in the present ever changing marketing environment, the media planner seeks to develop a media plan that is responsive to market changes.
Also, early advertising efforts in a product's life cycle aim to create awareness and persuade customers to buy the product, and in the later phases, advertising plays an important role in building customer loyalty. The amount of advertising efforts to be allocated in different stages of a product life cycle must vary as per these changes. In this paper, we have formulated a dynamic multi-criteria mediaplanning model to determine the optimal number of insertions in different media for multiple products. The objectives of the model are to maximise the reach for each product in a segmented market and, simultaneously, minimize the utilisation of advertising resources.
The proposed model takes into account some factors important to be considered while developing a media plan in the present market scenario such as the media appropriateness factor, the cross-product effect of advertising, and the retention factor of reach from the previous periods in successive time periods. The models developed in the existing literature have not accounted for these factors simultaneously. In the subsequent paragraphs we describe each of these factors.
The effectiveness of advertisements may vary in different media, even after the media selection process, as per the preset criteria. For instance, a media may be preferred in terms of frequency of advertisements due to its cost efficiency; however, the same media may have lower effectiveness on the target population when compared to other media. The cost per insertion and the media appropriateness factor play a major role in the allocation of resources to a media [1, 3] . The media appropriateness factor (MAF) of a media depends on several factors such as the editorial climate, product fit, technical capabilities, the competitive advertising strategy, and the receptiveness of the target population [4] . A media scheduler can determine which factor is more relevant and requires to be considered. Here we have considered the MAF that lies in the unit interval [0, 1] in order to weigh the reach-per-insertion of an advertisement in a media. The formulation of the reach function is discussed in detail in the model development section.
A firm's product mix is characterised by the product lines offered in the market as groups of associated items that customers tend to use together or think of as part of a group of similar products [5] . Based on the market analysis, within each product line, a firm may offer several products/brands depending on the market structure, the demand and the firm's capabilities. In order to meet the changing demands of customers and to remain competitive, firms further customise their existing products and introduce innovative products within the existing product lines. They also extend the breadth of their product lines. Firms disperse the advertising budget among all the product lines and to products within the product lines. They try to advertise in such a way that advertisements reach the maximum number of members of the potential group, for all products. Further, each product is designed to meet the needs of a target group.
The potential customers themselves may not possess homogeneous characteristics. Based on geographic, demographic, psychographic and behaviouristic characteristics, marketers divide the potential customers of their products into homogeneous groups and develop a segment-driven advertisement mix to target the segments. Multiple products from a product's line/mix of a firm are often targeted towards the same group of customers with similar segmentation. For example, home and personal care product line such as soap, skin care, hair care, oral care are often targeted towards the same group of customers. In this paper, we have considered those products of a firm's product mix that share similar segmentation.
Since the products are marketed simultaneously and targeted towards the same group of customers, the advertising of one product shows the cross-product effect (CPE) of advertising on the reach of the other product. The CPE can either be measured in terms of sales or reach-through-advertising. The effect can be positive or negative and is termed as the complementarity (positive) or the substitutability (negative) effect of one product on the other [6] . The mathematical formulation of reach objectives in the proposed model takes into account the CPE of advertising of one product on the reach of the other product.
As discussed above, advertising plays different roles in a product's life cycle. In the initial phase, advertising spreads awareness about the product, while in the later phases, it is more about sales and loyalty. Media and consumer characteristics such as viewership, readership or listenership and population and size of the potential market also change with time. Therefore, different advertisement plans are formed in different phases to utilise the available resources optimally. This can be done by dividing the entire planning horizon into multiple time periods; the advertising plan can then be changed in each of the time periods depending on the market growth of the products in the previous period, and the changes in media and consumer characteristics. The multi-objective model developed in this paper is a dynamic optimisation model. After every period, changes in media and potential segment characteristics are incorporated before determining the advertising schedule for the next period. A fraction of advertisement viewers show retention (advertisement recall) of advertisements seen in the previous time period. The proposed model also considers the retention effect of advertisements of the previous period in the next time period.
In this paper, a constrained dynamic multi-objective model is formulated to maximise the product-wise reach from advertising of multiple products marketed in a segmented market through multiple media and minimise the utilisation of the budget. The mathematical model is subject to upper bound and lower bound constraints on the number of advertisements that can be placed in different media channels. The proposed model is a multi-criteria linear integer programming model, validated through a real life case study of the insurance industry, and is solved using goal programming methodology.
LITERATURE REVIEW
A number of researchers have worked in the area of media planning in terms of allocation of budget in different media, determining the optimal number of insertions, measuring media effectiveness and media planning considering market segmentation.
In the initial stages, Bass and Lonsdale [7] proposed a simple linear mediaplanning model to maximise weighted exposures under budgetary constraints. Media allocations are obtained for a single product for a single time period. They carried out sensitivity analysis on the model by including constraints on upper bounds on number of insertions, media budgets and minimum segment exposures bounds. Charnes et al. [8] proposed a model for media selection for a single product by maximising the average frequency of reach to a fraction of the audience segment, and they suggested the use of goal programming to solve the model. Wiedey and Zimmermann [9] proposed a similar model and suggested the use of fuzzy linear programming as a solution methodology. De Kluyver [10] reformulated the Bass and Lonsdale [7] as a goal programming model by imposing rigid constraints on the upper bounds on the number of insertions, media budgets, and segment exposures and their soft equivalents, in order to allow a trade-off in the solution.
Basu and Batra [11] proposed a regression-based advertising sales response function to allocate a firm's advertising budget optimally to multi-brands under budget, upper and lower bound constraints on the advertisement spending for each brand. Doyle and Saunders [12] proposed a logarithmic linear regression model for the allocation of the advertising budget to promotion campaigns. Each campaign is directed to a specific product by considering the CPE of the promotion campaigns of other products that lag or lead this campaign for up to four periods. The model is specifically developed for a retail store that sells multiple products. The sales data of three years of advertisement is used to determine the optimal spending on promotional campaigns for multiple products. Nowak et al. [13] published a survey-based study to examine media planning practices (media preferences, budgeting and media evaluation) among local businesses and retailers in Athens-Clarke County. Danaher and Rust [14] proposed a model to calculate the amount of spending on a media campaign with the objective of maximising the return on investment by considering a diminishing return on advertising. Fruchter and Kalish [15] developed a model to determine a multiinstrument promotion strategy for a firm that maximises the present value of a profit stream over a planning horizon in a dynamic oligopoly market.
Rojas and Peterson [16] proposed a regression based market share model to study the effect of the total advertising expenditure, price and market expenditure of multiple brands, on individual brand market share. The coefficient of the causal relationship of a brand's market share and the total market advertising is defined as the CPE of advertising, which may be complementary or substitutive. Hsu et al. [17] proposed a model to determine the optimum promotional mix and the number of insertions in each instrument, based on linguistic preferences of the domain experts. They suggested the collection of data for linguistic preferences of instruments in order to satisfy different business objectives from domain experts, and then they determined the promotional mix by using fuzzy linguistic quantification operator within a genetic algorithm.
In media planning, it is observed that individuals in the market are not similar. Each individual responds to different promotional vehicles differently. A heterogeneous market can be divided into homogeneous groups through segmentation. Albadvi and Koosha [18] gave a mathematical programming model for optimal allocation of marketing resources in different segments. The objective was to maximize the customer equity, subject to budget constraints under an uncertain environment. Bhattacharya [19] developed a multi-objective media planning model to determine the optimal number of insertions in different media for a single product. The objective was to maximise the reach of each media in the target segments within the available advertising resources. Jha et al. [20] further explored the model for media planning of multiple products. The dynamic behaviour of the market was considered in the media-planning model by Aggarwal et al. [21] . A multi-objective model to maximise the reach of a single product in different media for a segmented market was proposed. They dynamically divided the planning horizon into multiple periods and studied the changing parameters in each time period for media planning. Royo et al. [6] proposed an advertising budget allocation model to optimise the investment on advertising in multiple media for multiple products by considering cross product elasticity. Royo et al. [22] extended the previous model [6] to stochastic modelling.
Research gap and motivation
In the literature, most of the studies in the area of media planning focus on advertisement budget allocation for single products. Some studies examine media planning by considering the maximisation of the exposure or reach of advertisements, while others consider the maximisation of sales or profits [7, 8, 10, 15, 19, 17] . These models support a media planner in making decisions that are related to the disbursement of advertisement resources among several media that maximise the reach or sales of the product. Several firms offer their customers a product mix characterised by the product lines, rather than a single product.
Various products or brands may be offered within a product line. The promotion budget available to a firm is always limited, and only a partial budget is released for the advertising. This budget is further distributed among the product lines and to each product within the line. Therefore, judicious planning of the allocation of this budget among the products such that each product gets maximum exposure or reach is very important for the media planners. Single-product models are not applicable in this situation.
Apart from multi-product consideration, firms usually advertise their products throughout their lifecycle, although, with different intensities. In the initial phases, the intensity of advertisements is kept high in order to spread awareness about the product. In the later phases, media planning usually responds to the changes in market growth, the remaining potential, product acceptance, the product life cycle stage, and changes in the media and consumer characteristics. At the end of a product's life, only price promotions are carried in order to sell the inventory before the launch of a new product.
It is important for the media planner to keep a watch on changing market and media parameters and then revise media allocation decisions according to these changes. Most of the media allocation models discussed in the literature are developed only for single period applications [7, 19, 17] . Among the multiproduct models, Basu and Batra's [11] model is applicable for advertising budget allocation among multi-brands for a single planning period. The model is not applicable for determining the distribution of this budget among the media for each product. Doyle and Saunders [12] model also considers multi-product advertisement budget allocation. The model is applicable to a situation in which a media planner wants to allocate a budget to a promotion campaign for a specific product by considering the CPE of advertising of the campaign launched for other products.
The studies due to Royo et al. [6, 22] provide models that offer a wider scope of application. These models can be used for media planning for multiproducts from among chosen media for several planning periods jointly. Though the models are developed for multi-period media planning, they apply to joint optimisation of multi-stages. Joint optimisation in the initial stages of media planning may not be able to account for the changes in the market and media parameters in the later stages. These models also ignore the market segmentation aspect, which is important in media planning decisions considering that there is a possible heterogeneity of potential markets, as discussed in the last section. It may be noted that most of the models discussed in the literature consider market segmentation [7, 8, 10, 18] .
The product, the market and the media characteristics change with time. Therefore, a media planner looks for dynamic models in which a multi-period media planning model can be applied in stages, dividing the longer time horizon into smaller time periods; then media planning decisions can be made with respect to these changes. The model proposed in this study is a dynamic media planning model that a media planner can use to allocate advertising resources optimally among multiple products; the model also determines the number of insertions to be made in chosen media for each product. In contrast to the models suggested by Royo et al. [6, 22] which are based on sales response functions, our model maximises the reach, measured in exposures for each product. Exposures are determined by market and media parameters.
Our model has the following specific features:
• The media planning model allocates the advertising budget of a firm among several products that compete for this fund by considering the CPE of products on each other.
• The model determines the distribution of the budget that is allocated to multiple media for each product such that the exposure is maximized for each product.
• The model can also be used to determine the advertising exposure in segments as well as in media. If the segment-wise reach is known, one can determine which segment responds better to which product. Similarly, the determination of media-wise reach allows one to analyse the effectiveness of the media.
• The dynamic nature of the proposed model allows the advertising budget allocation based on the current market, product, and media parameters. For example, media planning is adjusted dynamically with respect to the recent estimates of media viewership, listenership or readership, and the profile characteristics of the potential population.
• In the subsequent time periods, the retention of reach from the previous time periods advertisements is taken into account.
• Using the goal programming approach to solve the model, we present tradeoffs between reach and budget objectives in order to provide alternative solutions to the decision makers and to choose the one that best serves the firm's overall objective.
• The MAF is incorporated into the reach function to weigh the media as per their appropriateness to the products.
MODEL DEVELOPMENT

Notation
We provide the following notations before providing a mathematical formulation of the problem: total reach of product p in q th time period R * pq reach aspiration for product p in q th time period A pq reach due to advertisement of product p in q th time period θ p f constant of proportionality representing CPE of advertising of product p on reach of product f in a particular time period
Model Formulation
The multi-objective mathematical model to determine the advertisement allocations to different media drivers for multiple products in a segmented market is formulated here, assuming that the total planning horizon is divided into smaller time periods. In the beginning of every time period, changes in the market growth of products in previous period and changes in media and consumer characteristics are re-analysed, model parameters are adjusted and media plan is determined for the following period. The objectives are to maximise the total reach from advertising for each product over all segments, while at the same time, minimising the expenditure on advertising. The problem is formulated for q th time period as follows:
(P1):
(1)
subject to
where
R q is a P-dimensional vector. R pq represents the total advertising reach of the p th product (p = 1, 2, , P) in the q th time period. The vector R q represents the P reach maximisation objectives for P products. The total reach (individual and cross-product) of a product in any time period q that is, R pq (Equation 5 above) is the sum of reach from advertising for the product p and reach contribution from the CPE of advertising of other products in the same time period. As discussed earlier, the CPE can be positive or negative.
The reach obtained from a unit advertisement (Equation 7) in the jk j l th j media driver for the p th product, in segment i, period q that is, a p i jk j l j q is calculated as the product of the readership/viewership/listenership of the jk j l th j media driver and the relative proportion of potential customers among them for product p in the respective segment and time period. The individual reach (Equation 6) due to advertising of product p in q th time period, that is, A pq , is taken as sum of the reach from advertising for product p in the q th time period and the retention effect from the previous time period. C q (Equation 2) is the cost objective, which represents the total expenditure on advertisement. By keeping C q as the objective to be minimised instead of using a fixed level of advertising spending as a constraint, we can calculate the advertising reach as well as the optimal level of spending.
Constraints in Equations (3) and (4) specify lower and upper bounds on the number of advertisements in any specific media driver. Bounds are introduced on the number of insertions so that product can be advertised through diverse media. They restrict too much and/or too less spending on any media.
Solution Methodology
The model formulated in this paper is a multi-objective linear integer programming model that can be solved using any of the approaches such as weighted sum approach, lexicographic approach, and interactive approach. The objectives of this study are to maximize the reach for each product due to advertising simultaneously minimising the advertising budget utilization. Since, in any industry, organization has prior knowledge of the relative importance of their products to be promoted in the market based on their respective performance, management is generally in position of providing their relative importance (weights). The management may give higher weights to the product which is weaker and promote it more to improve its reach. Here the weights are decided by the decision maker and weighted goal programming approach is used to solve the model. In this approach the weighted sum of deviations from the goals of the objective functions are minimized. Goal programming is suitable to solve this model as the decision maker can trade off the solution for different values of targets and choose an appropriate solution. In goal programming, first the targets on the goals are determined and then, deviations from the goals are minimized [23, 24] .
Here we assume that an upper bound on budget is given by the management for media planning decisions. Using this budget as a base value, the targets on reach can be determined for each product. This value of budget can also be determined based on past data of advertisement for the products (or a similar product).
In order to obtain reach targets R * pq for all products in every time period, the model (P1) can be solved p times (p = 1, 2, .., P) as a single objective model with the reach objective of the p th product (p = 1, 2, , P) and the cost minimisation objective as the budgetary constraint in every run. The mathematical model to obtain a reach target for the p th product can be expressed as
Maximize R pq subject to
It should be noted that the value of A q is taken to be greater than
that is the expenditure, when advertising is carried out at a lower bound for all products, otherwise, the model (P2) will result in an infeasible solution. It is reasonable to take A q ≥ A vq because both of the lower bounds v p i jk j l j q and A q are the parameters obtained from the decision maker. In case the available budget is less than A vq , either of the lower bounds can be reduced or removed from the model; the rest of the solution method will remain the same.
(P2) is a single objective linear integer programming model. Various methods such as cutting plane methods, branch and bound method, and heuristic methods can be used to solve this class of problems. These methods are iterative search methods over the feasible solutions and require either explicitly or implicitly complete enumeration. These algorithms can guarantee global optimality only through an enumerative search. (P1) model finds application in real life problems where the budget needs to be allocated in different media categories for different products in a segmented market over a planning horizon. Complete enumeration of such large problems is very difficult and sometimes not possible due to scale of the problem. Complete enumeration of large scale real life problems is also time consuming. Several optimization software such as LINGO, CPLEX, MATLAB, Mathematica with inbuilt modules are available for solving integer programming models. In the literature several authors have used optimization software to obtain solution of this class of problems. Here, we have coded the model on LINGO software version 14.0 in order to obtain the solution. The software uses branch and bound algorithm to solve the linear integer models.
The goal model for the proposed multi-objective linear integer model for time period q (P1) using goal targets obtained in (P2) can now be formulated as follows:
where,
The objective in the linear-integer goal model (P3) minimises the weighted sum of deviations from the reach and cost goals. Equations (8) and (9) are the normalised goal constraints on the reach and advertisement cost objectives in which the reach goals are set at the reach aspirations obtained on solving (P2) for each product; the advertisement cost is bounded by the budget given by the decision maker. Z pq and B q , expressed as in equations (10) and (11), are the normalised values of the reach and budget goals.
0 ≤ γ q ≤ 1 is weight assigned to the budget objective, and (1 − γ q ) is the weight assigned to the total reach objective in the goal model. By introducing weights λ pq , the effective weight assigned to the p th product becomes (1 − γ q )λ pq . If equal priority is to be assigned to all the products, then one can assume λ pq = 1 P for all p = 1, 2, ..., P. Weights γ q and λ pq could either be provided by the decision maker; in case the weights are not known, one can use interactive goal programming to solve the model. The goal model (P3) can be solved for different values of the bound on the budget to trade-off between reach aspirations and the budget. Alternative solutions can be presented to the decision maker for selection of solution to be used. Again, using the standard goal programming procedure, and coding the model in LINGO software, the solution to the model (P3) is obtained. The optimal solution obtained from (P3) is an efficient solution for (P1) [25] .
CASE STUDY
We test the media-planning model that has been developed in the preceding section on a case study involving the media-planning decisions of an insurance firm. The actual name of the firm, media, geographic segments, and other information is not shared here because this information is commercial-in-confidence. The firm requires a media plan for the five types of insurance policies that it offers, which are marketed in four geographic segments over a planning horizon of one year.
Media
Media 
Data Description
The unit of analysis in our study is the insurance policies which need to be advertised in the potential market. The media vehicles/channels have been chosen by the firm for advertising based on past experience and previous market surveys conducted by the firm in order to study potential customers and their media preferences. The target market for all products is defined on the basis of two demographic criteria: age, and income. The media chosen for advertising are newspaper, television, and radio. For every media, certain media options are chosen for each geographical segment based on potential market demographics. A media option is further explored in terms of media slots. For example, in the newspaper advertising cost and effectiveness of an insertion in the front page is different for an advertisement of the same size in other (inner) pages. In our case, the firm has provided a choice of media slots for every chosen media option. Descriptions of the media are given in Table 1 , above. After seeking the opinions of a media planner and other experts, and studying the market and media parameters, the total planning horizon of one year is divided into three intervals of four months each. Before determining the media plan for any period, recent data for the potential market (media preferences) and media parameters (cost per insertion, readership/viewership/listenership) are collected from primary and secondary sources.
Currently, firms or market research agencies continuously conduct market analysis, collect and record data in order to make decisions that are based on evidence, data and facts. Data related to the media parameters that are required for our model can also be obtained from the respective media agencies. The media planner has proposed a budget of Rs. 560 million (Indian rupees, abbreviated as Rs.) for the media planning for a year. Again, it is proposed that this budget be divided into Rs. 200, Rs. 180, and Rs. 180 million among the three planning periods of four months each. However, in practice this distribution is not rigid. Therefore, we plan to carry out a sensitivity analysis on budget allocations in order to see if there may be alternative solutions.
Readership, viewership or listenership (audience membership), and the costper-insertion data for all segments in newspaper, television, and radio media are given in Tables 4, 5 , and 6 (see Appendix) for all three planning periods. The figures in brackets are the cost per insertion, and the other value in each cell represents the audience membership. In case of newspaper advertising, the cost given in Table 4 is per one square centimetre.
The firm has decided to place a four-by-six square centimetre advertisement in all newspapers, both on the front page and other pages. For television and radio, the advertising cost is given per 10 second slot, and a slot of 30 seconds is used for advertising the product in all media options.
The data for the percentage profile matrix represented by p ir jk j l j q (r = 1, 2) are criteria denoted as CR1 and CR2 in the table) used in the study is given in Tables 7, 8 , 9, 10, and 11 in Appendix. This data is based on the market survey before the media planning for every period for all the products in each segment, taking a sample size of 1000. The relative importance of the r th customer profile characteristic (r = 1, 2) for the p th product, that is, w rp , is given in Table 12 . The data for MAF and CPE are given in Tables 13, 14 , and the retention factor data is given in Tables 15, 16 , and 17.
The cross product effect is taken to be constant across different time periods. Lower bounds and upper bounds on the number of insertions in each media category for every product for all segments and time periods are given in Tables  18-21 . The values of the lower and upper bounds are provided by the media planner, based on the market survey results of media preferences, type and cost of the media and technical constraints.
Data Analysis
Using the data provided in the APPENDIX first, the linear integer programming model (P2) is coded in LINGO software version 14.0 for each product and solution is obtained. All the calculations are carried out on a Windows 7 system, Intel Core Duo 1.40 GHz processor and 4 GB RAM.
The reach aspirations obtained on solving (P2) are set as the reach goals while solving model (P3). Equal weights are assigned to both reach and budget goals, that is, γ q = 0.5 as per decision makers choice. In case the weights are not available, it can be generated through the interactive approach [26] .
Similarly, an equal weight is attached to the reach goal of each product, that is, λ pq = 0.2. The data for the reach and budget goals, the bounds on the number of insertions and weights γ q = 0.5 and λ pq = 0.2 for all p = 1, 2, ..., 5 and q = 1, 2, 3, are used to solve the linear integer goal model (P3), coded and executed in LINGO software using global solver and branch and bound method, as discussed in solution methodology. Since a dynamic market environment is considered, media planning is done for three sub-periods, the model parameters are updated in every time period and revised media schedule is obtained.
Results and Discussion
In every period, a sensitivity analysis is done on the model (P3) by changing the upper bound on the budget goal by decreasing and increasing it by 20 million to obtain alternative solutions that are presented to the decision maker for final implementation. The solutions with reach goals, the reach that can be attained and the budget consumed, are presented in Table 2 . Media-wise distribution of the reach and budget allocation are given in Table 3 .
The solution given in Table 2 shows the distribution of the advertising budget among the products and the respective value of the reach that can be obtained if the product is advertised according to the media plan obtained on solving the model (P3). Table 23, Table 24, and Table 25 show the number of insertions in all media for all segments and products. The solution is shown only for the budget goals Rs. 200, Rs. 180, and Rs.180 million for the time periods 1, 2, and 3, respectively.
A similar solution is obtained for other budget goals (all solutions are not given in the manuscript because the tables are very large and will increase the size of paper considerably). It can be seen that the budget is distributed fairly among all the products. Consistent with the literature [27] , from Table 3 , it can be seen that the overall maximum reach is obtained from advertising in television media with maximum utilisation of budget. However, due to the lower bounds on the number of insertions, all products will be advertised through all media. Media planners use different media to advertise the product so that the advertisement reaches maximum number of the potential customers. With the increase in the bound on the budget goal, both reach and budget allocations increase for almost all media and vice versa.
Media
Achieved 
CONCLUSION
In this paper, a dynamic multi-objective media planning model is proposed to allocate the advertising budget to different competing products of a firm, marketed in a segmented market. The model also determines the number of insertions for all products in the different media that are selected for advertising, maximising the reach for each product and minimising the budget utilisation. The CPE of advertising of one product on another one and the media effectiveness factor are incorporated in the model formulation.
The model provides solutions dynamically over several periods of time based on the recent data related to the market and the media parameters used in the model. The solutions are provided by considering the retention of reach from the previous periods. A case study is presented to show the application of the proposed model.
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